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Abstract
In this paper we construct some multi-time geometrical extensions
of the KCC-invariants, which characterize a given second-order system of
PDEs on the 1-jet space J1(T,M). A theorem of characterization of these
multi-time geometrical KCC-invariants is given.
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1 Geometrical objects on multi-time 1-jet spaces
We remind first few differential geometrical properties of the multi-time 1-jet
spaces. The multi-time 1-jet bundle
ξ1 = (J
1(T,M), pi1, T ×M)
is a vector bundle over the product manifold T ×M , having the fibre type Rmn,
where m (resp. n) is the dimension of the temporal (resp. spatial) manifold T
(resp. M). If the temporal manifold T has the local coordinates (tα)α=1,m and
the spatial manifold M has the local coordinates (xi)i=1,n, then we denote the
local coordinates of the multi-time 1-jet space J1(T,M) by (tα, xi, xiα). These
transform by the rules [8] 
t˜α = t˜α(tβ)
x˜i = x˜i(xj)
x˜iα =
∂x˜i
∂xj
∂tβ
∂t˜α
xjβ ,
(1.1)
where det(∂t˜α/∂tβ) 6= 0 and det(∂x˜i/∂xj) 6= 0.
Remark 1.1 In this work the greek indices α, β, γ, δ, ε, µ, ν, ρ... run over the set
{1, 2, ...,m} and the latin indices i, j, k, l, p, q, r, s... run over the set {1, 2, ..., n}.
The Einstein convention of summation is also adopted all over this paper.
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In the geometrical study of the multi-time 1-jet vector bundle, a central roˆle
is played by the distinguished tensors (d−tensors).
Definition 1.2 A geometrical object D =
(
D
αi(j)(ν)...
γk(β)(l)...
)
on the 1-jet vector bun-
dle J1(T,M), whose local components transform by the rules
D
αi(j)(ν)...
γk(β)(l)... = D˜
δp(q)(η)...
εr(µ)(s)...
∂tα
∂t˜δ
∂xi
∂x˜p
(
∂xj
∂x˜q
∂t˜µ
∂tβ
)
∂t˜ε
∂tγ
∂x˜r
∂xk
(
∂x˜s
∂xl
∂tν
∂t˜η
)
. . . , (1.2)
is called a d−tensor field.
Remark 1.3 The use of parentheses for certain indices of the local components
D
αi(j)(ν)...
γk(β)(l)... of the distinguished tensor field D on the 1-jet space is motivated by
the fact that the pair of indices ”
(j)
(β) ” or ”
(ν)
(l) ” behaves like a single index.
Example 1.4 The geometrical object
C = C
(i)
(α)
∂
∂xiα
,
where C
(i)
(α) = x
i
α, represents a d−tensor field on the 1-jet space; this is called
the canonical Liouville d−tensor field of the 1-jet vector bundle J1(T,M)
and it is a global geometrical object.
Example 1.5 Let h = (hαβ(t)) be a Riemannian metric on the temporal ma-
nifold T . The geometrical object
Jh = J
(i)
(α)βj
∂
∂xiα
⊗ dtβ ⊗ dxj ,
where J
(i)
(α)βj = hαβδ
i
j is a d−tensor field on J
1(T,M), which is called the h-
normalization d−tensor field of the 1-jet space J1(T,M). Obviously, it is
also a global geometrical object.
In the Riemann-Lagrange differential geometry of the 1-jet spaces developed
in [8], [9] important roˆles are also played by geometrical objects as the temporal
or spatial semisprays, together with the multi-time jet nonlinear connections.
Definition 1.6 A set of local functions H =
(
H
(i)
(α)β
)
on J1(T,M), which
transform by the rules
2H˜
(i)
(α)β = 2H
(k)
(γ)ν
∂x˜i
∂xk
∂tγ
∂t˜α
∂tν
∂t˜β
−
∂tµ
∂t˜β
∂x˜iα
∂tµ
, (1.3)
is called a temporal semispray on J1(T,M).
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Example 1.7 Let us consider a Riemannian metric h = (hαβ(t)) on the tem-
poral manifold T and let
Hαβγ =
hαµ
2
(
∂hβµ
∂tγ
+
∂hγµ
∂tβ
−
∂hβγ
∂tµ
)
be its Christoffel symbols. Taking into account that we have the transformation
rules
H˜δνρ = H
α
βγ
∂t˜δ
∂tα
∂tβ
∂t˜ν
∂tγ
∂t˜ρ
+
∂t˜δ
∂tε
∂2tε
∂t˜ν∂t˜ρ
, (1.4)
we deduce that the local components
H˚
(i)
(α)β = −
1
2
Hµαβx
i
µ
define a temporal semispray H˚ =
(
H˚
(i)
(α)β
)
on J1(T,M). This is called the
canonical temporal semispray associated to the temporal metric hαβ(t).
Definition 1.8 A set of local functions G =
(
G
(i)
(α)β
)
, which transform by the
rules
2G˜
(i)
(α)β = 2G
(k)
(γ)ν
∂x˜i
∂xk
∂tγ
∂t˜α
∂tν
∂t˜β
−
∂xr
∂x˜s
∂x˜iα
∂xr
x˜sβ , (1.5)
is called a spatial semispray on J1(T,M).
Example 1.9 Let ϕ = (ϕij(x)) be a Riemannian metric on the spatial manifold
M and let us consider
γijk =
ϕim
2
(
∂ϕjm
∂xk
+
∂ϕkm
∂xj
−
∂ϕjk
∂xm
)
its Christoffel symbols. Taking into account that we have the transformation
rules
γ˜pqr = γ
i
jk
∂x˜p
∂xi
∂xj
∂x˜q
∂xk
∂x˜r
+
∂x˜p
∂xl
∂2xl
∂x˜q∂x˜r
, (1.6)
we deduce that the local components
G˚
(i)
(α)β =
1
2
γipqx
p
αx
q
β
define a spatial semispray G˚ =
(
G˚
(i)
(α)β
)
on J1(T,M). This is called the canon-
ical spatial semispray associated to the spatial metric ϕij(x).
Definition 1.10 A set of local functions Γ =
(
M
(i)
(α)β , N
(i)
(α)j
)
on J1(T,M),
which transform by the rules
M˜
(i)
(α)β = M
(k)
(γ)ν
∂x˜i
∂xk
∂tγ
∂t˜α
∂tν
∂t˜β
−
∂tµ
∂t˜β
∂x˜iα
∂tµ
(1.7)
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and
N˜
(i)
(α)j = N
(k)
(γ)l
∂x˜i
∂xk
∂tγ
∂t˜α
∂xl
∂x˜j
−
∂xr
∂x˜j
∂x˜iα
∂xr
, (1.8)
is called a nonlinear connection on the 1-jet space J1(T,M).
Example 1.11 Let us consider that (T, hαβ(t)) and (M,ϕij(x)) are Riemanni-
an manifolds having the Christoffel symbols Hαβγ(t) and γ
i
jk(x). Then, using
the transformation rules (1.1), (1.4) and (1.6), we deduce that the set of local
functions
Γ˚ =
(
M˚
(i)
(α)β , N˚
(i)
(α)j
)
,
where
M˚
(i)
(α)β = −H
µ
αβx
i
µ and N˚
(i)
(α)j = γ
i
jrx
r
α,
represents a nonlinear connection on the 1-jet space J1(T,M). This multi-
time jet nonlinear connection is called the canonical nonlinear connection
attached to the pair of Riemannian metrics (hαβ(t), ϕij(x)).
In the sequel, let us study the geometrical relations between temporal or
spatial semisprays and multi-time nonlinear connections on the 1-jet vector
bundle J1(T,M). In this direction, using the local transformation laws (1.3),
(1.7) and (1.1), respectively the transformation laws (1.5), (1.8) and (1.1), by
direct local computations, we find the following geometrical results:
Theorem 1.12 The temporal semisprays H =
(
H
(i)
(α)β
)
and the sets of tempo-
ral components of nonlinear connections Γtemporal =
(
M
(i)
(α)β
)
are in one-to-one
correspondence on the 1-jet space J1(T,M), via:
M
(i)
(α)β = 2H
(i)
(α)β , H
(i)
(α)β =
1
2
M
(i)
(α)β ;
Theorem 1.13 (i) If G
(i)
(α)β are the components of a spatial semispray on
J1(T,M), where (T, hαβ(t)) is a Riemannian manifold, then the components
N
(i)
(α)j =
∂Gi
∂xjµ
hαµ,
where Gi = hδεG
(i)
(δ)ε, represent a spatial nonlinear connection on J
1(T,M).
(ii) Conversely, the spatial nonlinear connection Γspatial =
(
N
(i)
(α)j
)
produces
the spatial semispray components
G
(i)
(α)β =
1
2
N
(i)
(α)rx
r
β .
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2 Multi-time geometrical KCC-theory
In this Section we construct some multi-time generalizations on the 1-jet
space J1(T,M) for the basic objects of the KCC-theory ([1], [2], [3], [10]).
In this respect, let us consider on J1(T,M) a second-order system of partial
differential equations of local form
∂2xi
∂tα∂tβ
+ F
(i)
(α)β(t
γ , xk, xkγ) = 0, α, β = 1,m, i = 1, n, (2.1)
where xkγ = ∂x
k/∂tγ , F
(i)
(α)β = F
(i)
(β)α and the local components F
(i)
(α)β(t
γ , xk, xkγ)
transform under a change of coordinates (1.1) by the rules
F˜
(i)
(α)β = 2F
(k)
(γ)ν
∂x˜i
∂xk
∂tγ
∂t˜α
∂tν
∂t˜β
−
∂tµ
∂t˜β
∂x˜iα
∂tµ
−
∂xr
∂x˜s
∂x˜iα
∂xr
x˜sβ , . (2.2)
Remark 2.1 The second-order system of partial differential equations (2.1) is
invariant under a change of coordinates (1.1).
Example 2.2 Let us consider that (T, hαβ(t)) and (M,ϕij(x)) are Riemanni-
an manifolds having the Christoffel symbols Hαβγ(t) and γ
i
jk(x). Then, the local
components
F˚
(i)
(α)β = −H
µ
αβx
i
µ + γ
i
pqx
p
αx
q
β
transform under a change of coordinates (1.1) by the rules (2.2). In this partic-
ular case, the PDE system (2.1) becomes
∂2xi
∂tα∂tβ
−Hµαβx
i
µ + γ
i
pqx
p
αx
q
β = 0, α, β = 1,m, i = 1, n, (2.3)
that is the PDE system of the affine maps between the Riemannian manifolds
(T, hαβ(t)) and (M,ϕij(x)). We recall that these affine maps carry the geodesics
of the temporal Riemannian manifold (T, hαβ(t)) into the geodesics of the spatial
Riemannian manifold (M,ϕij(x)). Moreover, the h−trace of the equations (2.3)
produces the equations of the harmonic maps between the Riemannian manifolds
(T, hαβ(t)) and (M,ϕij(x)). For more details, please see [6].
Using a temporal Riemannian metric hαβ(t) on T and taking into account
the transformation rules (1.3), (1.5) and (2.2), we can rewrite the PDE system
(2.1) in the following form:
∂2xi
∂tα∂tβ
−Hµαβx
i
µ + 2G
(i)
(α)β(t
γ , xk, xkγ) = 0, α, β = 1,m, i = 1, n,
where
G
(i)
(α)β =
1
2
F
(i)
(α)β +
1
2
Hµαβx
i
µ
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are the components of a spatial semispray on J1(T,M). The coefficients of the
spatial semispray G
(i)
(α)β produce the spatial components N
(i)
(α)j of a nonlinear
connection Γ on the 1-jet space J1(T,M), by putting
N
(i)
(α)j =
hµν∂G
(i)
(µ)ν
∂xjγ
hγα =
hµν
2
∂F
(i)
(µ)ν
∂xjγ
hγα +
hµν
2
Hγµνhγαδ
i
j .
In order to find the basic jet multi-time geometrical invariants of the PDE
system (2.1) (please see Kosambi [7], Cartan [4] and Chern [5]) under the co-
ordinate transformations (1.1), we define the h−KCC-covariant derivative of a
d−tensor of type T
(i)
(α)(t
γ , xk, xkγ) on the 1-jet space J
1(T,M), via
h
∇T
(i)
(α)
∂tβ
=
∂T
(i)
(α)
∂tβ
+N
(i)
(α)rT
(r)
(β) −H
µ
αβT
(i)
(µ) =
=
∂T
(i)
(α)
∂tβ
+
hµν
2
∂F
(i)
(µ)ν
∂xrγ
hγαT
(r)
(β) +
hµν
2
HγµνhγαT
(i)
(β) −H
µ
αβT
(i)
(µ).
Remark 2.3 The h−KCC-covariant derivative components
h
∇T
(i)
(α)
∂tβ
transform
under a change of coordinates (1.1) as a d−tensor of type T
(i)
(α)β .
In such a geometrical context, if we use the notation xiα = ∂x
i/∂tα, then
the PDE system (2.1) can be rewritten in the following distinguished tensorial
form:
h
∇xiα
∂tβ
= −F
(i)
(α)β(t
γ , xk, xkγ) +N
(i)
(α)rx
r
β −H
µ
αβx
i
µ =
= −F
(i)
(α)β +
hµν
2
∂F
(i)
(µ)ν
∂xrγ
hγαx
r
β +
hµν
2
Hγµνhγαx
i
β −H
µ
αβx
i
µ.
Definition 2.4 The distinguished tensor
h
ε
(i)
(α)β = −F
(i)
(α)β +
hµν
2
∂F
(i)
(µ)ν
∂xrγ
hγαx
r
β +
hµν
2
Hγµνhγαx
i
β −H
µ
αβx
i
µ
is called the first multi-time h−KCC-invariant on the 1-jet space J1(T,M)
of the PDEs (2.1), which can be interpreted as an external force [1], [3].
Example 2.5 For the second-order PDE system (2.3), which gives the affine
maps between the Riemannian manifolds (T, hαβ(t)) and (M,ϕij(x)), the first
multi-time h−KCC-invariant is zero.
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Example 2.6 It can be easily seen that for the particular first order PDE sys-
tem
∂xi
∂tα
= X
(i)
(α)(t
γ , xk)⇒
∂2xi
∂tα∂tβ
=
∂X
(i)
(α)
∂tβ
+
∂X
(i)
(α)
∂xr
xrβ , (2.4)
where X
(i)
(α)(t, x) is a given d−tensor on J
1(T,M), the first multi-time h−KCC-
invariant has the form
h
ε
(i)
(α)β =
∂X
(i)
(α)
∂tβ
+
1
2
∂X
(i)
(α)
∂xr
xrβ +
hµν
2
Hγµνhγαx
i
β −H
µ
αβx
i
µ.
In the sequel, let us vary the solutions xi(tγ) of the PDE system (2.1) by
the nearby smooth maps (xi(tγ , s))s∈(−ε,ε), where x
i(tγ , 0) = xi(tγ). Then, if
we consider the variation d−tensor field
ξi(tγ) =
∂xi
∂s
∣∣∣∣
s=0
,
we get the variational equations
∂2ξi
∂tα∂tβ
+
∂F
(i)
(α)β
∂xk
ξk +
∂F
(i)
(α)β
∂xrµ
∂ξr
∂tµ
= 0, α, β = 1,m, i = 1, n. (2.5)
It is obvious that the equations (2.5) imply the h−trace variational equations
hαβ
∂2ξi
∂tα∂tβ
+
∂F i
∂xk
ξk +
∂F i
∂xrµ
∂ξr
∂tµ
= 0, i = 1, n, (2.6)
where F i = hαβF
(i)
(α)β .
To find other multi-time geometrical invariants for the PDE system (2.1),
we also introduce the h−KCC-covariant derivative of a d−tensor of type ξi(tγ)
on the 1-jet space J1(T,M), via
h
∇ξi
∂tα
=
∂ξi
∂tα
+N
(i)
(α)rξ
r =
∂ξi
∂tα
+
1
2
∂F i
∂xrγ
hγαξ
r +
1
2
Hγhγαξ
i,
where Hγ = hµνHγµν .
Remark 2.7 The h−KCC-covariant derivative components
h
∇ξi
∂tα
transform un-
der a change of coordinates (1.1) as a d−tensor of type T
(i)
(α).
In this geometrical context, the h−trace variational equations (2.6) can be
rewritten in the following distinguished tensorial form:
hαβ
h
∇
∂tβ
 h∇ξi
∂tα
 = hP irξr,
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where
h
P ij = −
∂F i
∂xj
+
1
2
∂2F i
∂tγ∂xjγ
+
1
2
∂2F i
∂xr∂xjγ
xrγ −
1
2
∂2F i
∂xjµ∂xrγ
F
(r)
(γ)µ+
+
hγµ
4
∂F i
∂xrγ
∂F r
∂xjµ
+
hγη
2
∂hµγ
∂tη
∂F i
∂xjµ
+
+
[
1
2
∂Hγ
∂tγ
+
hγη
2
∂hµγ
∂tη
Hµ −
hγµ
4
HγHµ
]
δij .
Definition 2.8 The d−tensor
h
P ij is called the second multi-time h−KCC-
invariant on the 1-jet space J1(T,M) of the PDE system (2.1), or the multi-
time h−deviation curvature d−tensor.
Example 2.9 If we consider the second-order PDE system of the affine maps
between the Riemannian manifolds (T, hαβ(t)) and (M,ϕij(x)), system which is
given by (2.3), then the second multi-time h−KCC-invariant has the form
h
P ij = −h
αβ
R
i
pqjx
p
αx
q
β ,
where
R
i
pqj =
∂γipq
∂xj
−
∂γipj
∂xq
+ γrpqγ
i
rj − γ
r
pjγ
i
rq
are the components of the curvature of the spatial Riemannian metric ϕij(x).
Consequently, the h−trace variational equations (2.6) become the following mul-
ti-time h−Jacobi field equations:
hαβ

h
∇
∂tβ
 h∇ξi
∂tα
+Ripqrxpαxqβξr
 = 0,
where
h
∇ξi
∂tα
=
∂ξi
∂tα
+ γiprx
p
αξ
r.
Example 2.10 For the particular first order PDE system (2.4) the multi-time
h−deviation curvature d−tensor is given by
h
P ij =
hαβ
2
∂2X(i)(α)
∂tβ∂xj
+
∂2X
(i)
(α)
∂xj∂xr
xrβ +
1
2
∂X
(i)
(α)
∂xr
∂X
(r)
(β)
∂xj
+
+
[
1
2
∂Hγ
∂tγ
+
hγη
2
∂hµγ
∂tη
Hµ −
hγµ
4
HγHµ
]
δij .
8
Definition 2.11 The distinguished tensors
h
Riαjk =
1
3
∂ hP ij
∂xkα
−
∂
h
P ik
∂xjα
 , hBiα(β)jk(l) = ∂
h
Riαjk
∂xlβ
and
D
(i) (γ)(ε)(µ)
(α)β(j)(k)(l) =
∂3F
(i)
(α)β
∂xjγ∂xkε∂x
l
µ
are called the third, fourth and fifth multi-time h−KCC-invariant on the
1-jet vector bundle J1(T,M) of the PDE system (2.1).
Remark 2.12 Taking into account the transformation rules (2.2) of the com-
ponents F
(i)
(α)β, we immediately deduce that the components D
(i) (γ)(ε)(µ)
(α)β(j)(k)(l) behave
like a d−tensor on the 1-jet space J1(T,M).
Example 2.13 For the second-order PDE system (2.3) of the affine maps be-
tween the Riemannian manifolds (T, hαβ(t)) and (M,ϕij(x)), the third, fourth
and fifth multi-time h−KCC-invariants are given by
h
Riαjk = h
αµ
R
i
pjkx
p
µ,
h
B
iα(β)
jk(l) = h
αβ
R
i
ljk, D
(i) (γ)(ε)(µ)
(α)β(j)(k)(l) = 0.
Example 2.14 For the first order PDE system (2.4) the third, fourth and fifth
multi-time h−KCC-invariants are zero.
Theorem 2.15 (of characterization of the multi-time KCC-invariants)
Let (T, h) be a Riemannian manifold, where m = dimT ≥ 3. If the first and the
fifth KCC-invariants of the PDE system (2.1) cancel on J1(T,M), then there
exist on J1(T,M) some local functions Γipq(t, x), where i, p, q = 1, n, n = dimM,
and Siναpq(t, x), α 6= ν ∈ {1, 2, ...,m}, i = 1, n, p 6= q ∈ {1, 2, ..., n}, which have
the properties
Γipq = Γ
i
qp, S
iν
αpq + S
iν
αqp = 0
and (no sum by α or ν)
2Siναpq =
m∑
ε=1
ε 6=ν
[
hεεSiνεpq − h
νν
S
iε
νpq
]
hεα, (2.7)
such that (no sum by α or β)
F
(i)
(α)β = Γ
i
pqx
p
αx
q
β −H
µ
αβx
i
µ + 2δαβ
m∑
ν=1
ν 6=α
∑
p6=q∈{1,2,...,n}
S
iν
αpqx
p
αx
q
ν , (2.8)
where δαβ is the Kronecker symbol and H
γ
αβ are the Christoffel symbols of the
Riemannian metric hαβ(t).
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Proof. By integration, the relations
D
(i) (γ)(ε)(σ)
(α)β(j)(k)(l) =
∂3F
(i)
(α)β
∂xjγ∂xkε∂x
l
σ
= 0,
where F
(i)
(α)β = F
(i)
(β)α, subsequently lead to
∂2F
(i)
(α)β
∂xjγ∂xkε
= 2Γ
(i) (γ)(ε)
(α)β(j)(k) (t, x)⇒
⇒
∂F
(i)
(α)β
∂xjγ
= 2Γ
(i) (γ)(ν)
(α)β(j)(q) x
q
ν + U
(i) (γ)
(α)β(j) (t, x)⇒
⇒ F
(i)
(α)β = Γ
(i) (µ)(ν)
(α)β(p)(q) x
p
µx
q
ν + U
(i) (ν)
(α)β(q) x
q
ν + V
(i)
(α)β(t, x),
where
Γ
(i) (γ)(ε)
(α)β(j)(k) = Γ
(i) (γ)(ε)
(β)α(j)(k) , Γ
(i) (γ)(ε)
(α)β(j)(k) = Γ
(i) (ε)(γ)
(α)β(k)(j) ,
U
(i) (γ)
(α)β(j) = U
(i) (γ)
(β)α(j) , V
(i)
(α)β = V
(i)
(β)α.
(2.9)
The equalities
h
ε
(i)
(α)β = 0 on J
1(T,M) lead us to
Γ
(i) (µ)(ν)
(α)β(p)(q) =
1
2
[
Γ
i(η)(ν)
(p)(q) δ
µ
β + Γ
i(η)(µ)
(q)(p) δ
ν
β
]
hηα,
U
(i) (ν)
(α)β(q) =
1
2
U
i(η)
(q) hηαδ
ν
β +
1
2
Hηhηαδ
ν
βδ
i
q −H
ν
αβδ
i
q,
V
(i)
(α)β = 0,
(2.10)
where
Γ
i(µ)(ν)
(p)(q) = h
ερΓ
(i) (µ)(ν)
(ε)ρ(p)(q) and U
i(ν)
(q) = h
ερU
(i) (ν)
(ε)ρ(q) .
Applying an h−trace in the second relation of (2.10), we deduce that
U
(i) (ν)
(α)β(q) = −H
ν
αβδ
i
q.
The first relation of (2.10) and the first symmetry properties of (2.9) imply the
following equalities:
1. for every α 6= β we have (no sum by α or β):
(a) µ, ν /∈ {α, β} ⇒ Γ
(i) (µ)(ν)
(α)β(p)(q) = 0;
(b) µ = α, ν = α⇒ Γ
(i) (α)(α)
(α)β(p)(q) = 0;
(c) µ = α, ν = β ⇒ Γ
(i) (α)(β)
(α)β(p)(q) =
1
2
Γ
i(η)(α)
(q)(p) hηα
not
= Siαpq = T
i
βpq;
(d) µ = β, ν = α⇒ Γ
(i) (β)(α)
(α)β(p)(q) =
1
2
Γ
i(η)(α)
(p)(q) hηα
not
= Tiαpq = S
i
βpq;
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(e) µ = β, ν = β ⇒ Γ
(i) (β)(β)
(α)β(p)(q) = Γ
(i) (β)(β)
(β)α(p)(q) =
=
1
2
[
Γ
i(η)(β)
(p)(q) hηα + Γ
i(η)(β)
(q)(p) hηα
]
= Siβαpq + T
iβ
αpq = 0;
2. for every α = β ∈ {1, 2, ...,m} we obtain (no sum by α):
(a) µ 6= α, ν 6= α⇒ Γ
(i) (µ)(ν)
(α)α(p)(q) = 0;
(b) µ = α, ν 6= α⇒ Γ
(i) (α)(ν)
(α)α(p)(q) =
1
2
Γ
i(η)(ν)
(p)(q)hηα
not
= Siναpq = T
iν
αqp;
(c) µ 6= α, ν = α⇒ Γ
(i) (µ)(α)
(α)α(p)(q) =
1
2
Γ
i(η)(µ)
(q)(p) hηα
not
= Tiµαpq = S
iµ
αqp;
(d) µ = α, ν = α⇒ Γ
(i) (α)(α)
(α)α(p)(q) = Γ
(i) (α)(α)
(α)α(q)(p) =
=
1
2
[
Γ
i(η)(α)
(p)(q) hηα + Γ
i(η)(α)
(q)(p) hηα
]
= Tiαpq + S
i
αpq;
The first symmetry condition from (2.9), together with 1.(c) and 1.(d), give
us (m = dimT ≥ 3)
S
i
1pq = T
i
2pq = T
i
3pq = T
i
4pq = · · = T
i
mpq
not
=
1
2
Γipq
S
i
2pq = T
i
1pq = T
i
3pq = T
i
4pq = · · = T
i
mpq
not
=
1
2
Γipq
· · · · · · · · · · · · · ·
· · · · · · · · · · · · · ·
S
i
mpq = T
i
1pq = T
i
2pq = T
i
3pq = · · = T
i
(m−1)pq
not
=
1
2
Γipq.
Consequently, for every α 6= β ∈ {1, 2, ...,m} we have
Γ
(i) (µ)(ν)
(α)β(p)(q) =
1
2
Γipq
[
δµαδ
ν
β + δ
ν
αδ
µ
β
]
and for every α ∈ {1, 2, ...,m} we have
Γ
(i) (α)(α)
(α)α(p)(q) = Γ
i
pq = Γ
(i) (α)(α)
(α)α(q)(p) = Γ
i
qp.
Using now all the preceding properties, together with the equality 2.(b), we
find the equations (2.7). Moreover, for every α 6= ν ∈ {1, 2, ...,m}, it is obvious
that we have
S
iν
αpq + S
iν
αqp = 0⇒ S
iν
αpp = 0.
All the preceding situations can be briefly written in the general formula
Γ
(i) (µ)(ν)
(α)β(p)(q) =
1
2
Γipq
[
δµαδ
ν
β + δ
ν
αδ
µ
β
]
+ Siναpqδαβδ
µ
α [1− δ
ν
α] + S
iµ
αqpδαβδ
ν
α [1− δ
µ
α] .
In conclusion, we obtain the equalities (2.8) on the 1-jet space J1(T,M).
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Open problem. If we fix the indices i and p 6= q in the set {1, 2, ..., n}, then
we deduce that the system of equations (2.7) is an homogenous linear system
of order m(m − 1). Consequently, it has at least the zero solution. Because
the coefficients of the system depend only by the metric hαβ(t), there exist a
temporal Riemannian metric hαβ(t) such that the system of equations (2.7) to
admit only the banal solution?
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